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Abstract 

The structure of the centres Z{Cg) and Z{M.g) of the graph algebra Cg{sl2) 
and the moduh algebra M.g{sl2) is studied at roots of 1. It it shown that Z{Cg) 
can be endowed with the structure of the Poisson graph algebra. The elements of 
Spec{Z{M.g)) are shown to satisfy the defining relation for the holonomies of a flat 
connection along the cycles of a Riemann surface. The irreducible representations 
of the graph algebra are constructed. 



1 Introduction 

The Poisson structure of the moduli space of flat connections on a Riemann surface with g 
handles can be described by means of a quadratic Poisson algebra, which was introduced 
by Fock and Rosly |]T| and here will be called the Poisson graph algebra. Let us remind 
the definition of the algebra 

Let G be a matrix algebraic group and Dg = G^^^ . An arbitrary element d of Dg 
is parametrized by matrices Ai and Bi a.s d = {Ai, Bi, Ag, Bg) e Dg. Let all of the 
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matrices be in the fundamental representation of the group G. Then the algebra of 
functions on Dg is generated by the matrix elements (Ai)mn and {Bi)mn- 

Definition 1. The Poisson graph algebra VCg is an algebra of regular functions on 
Dg with the following Poisson structure 





= A\rj^A^ 
= Blr^B^ 


■,9 

- BjBlr^ 


- r^A^Al + A^r.Al 

- r.B^Bl + B}r.B] 




= Alr^Bf 

i < j 
= A]t^A] 


- B^A]t^ 

- A]A]r+ 


- T^BjA] + Bjr.A] 

- r^A]A\ + A]r^A\ 




= A\r^B] 


- B]Alr^ 


- r^B]Al + B]r^Al 


Ztt 


= Blr^B] 


- Bplr^ 


- r^Bp] + B]r^B] 


Ztc 


= Blr^A] 


- A]Blr^ 


-r+A]Bl + A]r^Bl 



Here k is an arbitrary complex parameter, r± are classical r-matrices which satisfy the 
classical Yang-Baxter equation and the following relations 

[r^\r^^] + [r'\r^^] + [r^\r^^] = Q (1.2) 

r_ = — Pr+P, Tj^ — = C (1-3) 

where P is a permutation in the tensor product V ®V {Pa ® 6 = 6 a). 
In eq.( [Ll| - pr3|) we use the standard notations from the theory of quantum groups 0: 
for any matrix A acting in some space V one can construct two matrices A^ = A^id and 
A"^ = id^A acting in the space V^V and for any matrix r = I]ari(a)(S>T2(a) acting in the 
space V®V one constructs matrices r^"^ = ®^2(a) ®^<^5 ''^^^ = J2a''^i{(^)®'id®r2{a) 

and r^^ = J2a id®ri{a) ®r2{a) acting in the space V ®V ®V . The matrix C is the tensor 
Casimir operator of the Lie algebra Q of the group G: C = —rjab^"' ® A'', rjab is the Killing 
tensor and A" form a basis of Q. 

Let us now identify the matrices Ai and Bi with holonomies of a fiat connection along 
the cycles Oj and hi of a Riemann surface with g handles. Then A^ and Pj should satisfy 
the following defining relations 

M = BgA-^B^'Ag ■ ■ ■ B.A^'B^'A, = 1 (L4) 

These relations can be regarded as first-class constraints imposed on the variables of 
Dg. The gauge transformations generated by these constraints are just the simultaneous 
conjugations of A^ and Pj 

Ai hAih~^, Ai hAih~^ 

Let us now consider two Poisson subalgebras of VCg. The first subalgebra I consists 
of all of the functions vanishing on the constraints surface: 

l = {f eVCg-. f\M=i = Q} 
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and the second subalgebra jFj is the maximal subalgebra of VCg such that the subalgebra 
X is a Poisson ideal of jFj: 

rx = {f eVCg:{f,h}el yhel}. 

In particular it is not difficult to check that any function / which is invariant with respect 
to simultaneous conjugations of Ai and Bi 

f{hA,h-\...,hBgh-')=f{A,,...,Bg) 

belongs to jFj. 

Definition 2. The Poisson algebra of functions on the moduli space of flat connections 
on a Riemann surface with g handles or the Poisson moduli algebra VAig is defined as a 
quotient of the algebra J-'j over the ideal X 

VMg = TxiZ. 

It was shown by Fock and Rosly that the algebra VAig coincides with the canonical 
Poisson algebra of functions on the moduli space defined by the Atiyah-Bott symplectic 
structure. 

Quantization of the Poisson graph algebra leads to an associative algebra which was 
introduced in (see also [Q). In the present paper we study the structure of the centre of 
the quantized graph and moduli algebras for the simplest case of SL{2) group and, in what 
follows, present definitions and results only for this case. Our definition of the moduli 
algebra differs from the definition given in [Q, where the truncated case was considered, 
and can be regarded as the standard one from quantum theory of constraints systems. 

The plan of the paper is as follows. In the second section we introduce the graph and 
moduli algebras. Then we describe an extension of the graph algebra and the isomorphism 
between the extended graph algebra £* and the tensor product of g copies of [0, 
In the third section we study the centre Z{Ci) of Ci and prove that Z{Ci) is isomorphic 
to VCi. In the forth section, using the isomorphism mentioned in the second section, we 
generalize the results obtained in the third section to Cg and show that the elements of 
Spec{Z{Aig{sl2))) satisfy the defining relation ( p..4|) . In the fifth section the irreducible 
representations of Cg are constructed. In Conclusion we discuss unsolved problems. 

2 Graph and moduli algebras 

Definition 3. The graph algebra Cg{sl2) is an associative algebra with unit element, 
generated by matrix elements of Ai, Bi G EndC^ ® Cg^sh), i = ^,---,g and (Ai){i, 
{Bi)ii, Mil which are subject to the following relations 

A^R^A^R^^^ = R—A^R_^AI, B}^ R-^-BJ^ Rj^ = R^B^R_^Bl 

AlR+B'^R-^ = R+B'^RZ^A] (2.5) 
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i < j 



AlR+BjR^^ -- 
BlR+A^jR^^ 



R+B'jR^^A] 
-- R+A^jR^^Bl 



{A,MA^)n = (A)n (^.)ii = (B^MB,)^! = iB,)^,\B,) 
M^,\q-^^BgA-^B^'Ag ■ --B^A^'B^'A,] 
{q-^'^BgA-^B^^Ag ■ ■ ■ B^A^^B^'A^)^^M- 

{Ai)ii{Ai)22 - q^{Ai)2i{Ai)i2 
{Bi)i^{Bi)22 - q\Bi)2i{B, 



i II 



detq Ai 
detq Bi 



i 12 



11 - 

-1 
11 - 

1 
1 



(2.6) 



and we denote by 1 the unit element of any algebra throughout the paper. 
Here i?±-matrices 



Ra 



_1 

q 2 



( q 

1 



V 





q-q 
1 




-1 






q J 



-1 



R. 



1 

q2 



V 











1 

q-^ -q 








1 

g-i ; 



satisfy the quantum Yang-Baxter equation and the following relations 



R^^ R^^ R?"^ 



^23^13^12 



i?4 



PRZ^P, 



R±iq) 

,2m ^ 



27ri 



q = exp( 



P 



P 



k 

k + 2n 



We have introduced the element M^i because the Poisson structure (1.1) is degenerate 
on the surface Mn = and because, as we will see in the fifth section, if the element Mu 
is invertible then all irreducible representations of the graph algebra are p^^-dimensional. 

Using the explicit expressions for R± one can write down the commutation relations 
( p.6| ) in terms of elements {Ai)mn and {Bi)mn- The corresponding formulas are given in 
Appendix. 

It is well known that for fixed index i the algebra generated by matrix elements of Ai 
(or Bi) is isomorphic to Uqi^sh) HI and the standard generators of Uq{sl2) can be expressed 
through (Aj)mn as follows 



ir=(A,)ii, X, 



1 

q2 



q-q' 



i 21, 



1 

q2 



q-q 



-M^)iiiA.) 
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The Casimir element of Uq{sl2) is equal to 

Ci = tiq Ai = q~'^{Ai)u + q{Ai)22 

However the Casimir elements q are not central elements of the graph algebra and, more- 
over, for generic values of q the graph algebra has a trivial centre. 

It is not difficult to show that for fixed index i the algebra generated by Ai and Bi is 
isomorphic to the quantized algebra of functions on the Heisenberg double of a Lie group 

i|io|,0,|il. 
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Let us introduce monodromies Mj 

M, = q-^^^-'^^^BgA-^Bg^Ag ■ ■ ■ B.Ar^Br^A, 
The monodromies satisfy the following commutation relations 

i < j 

MlR+MfR~^ = R.MfRZ^Ml, MIR^A]R-^ = R.A]RZ^MI 
MlR+B]R-^ = R.B]RZ^Ml 
i < j 

AlR+MfR~^ = R+MfR-^A], B]R+M'^R+ = R+M]R~^BI 

detq Mi = l (2.7) 
Using the Gauss decomposition one can represent the monodromies as follows 

Mi = mZ^(i)Kim+(i) 

where mj-{i) are upper- and lower-triangular matrices with the unity on the diagonals 
and Ki are diagonal matrices. It follows from relations ( |2.7| ) that the matrix elements of 
Ki form a commutative subalgebra of Cg. 

Let C*g be an extension of the graph algebra Cg by means of the elements Qf^ = K^^ . 
The relations (2/7) and the commutation relations of Qi are presented in components in 
Appendix. Then the following proposition is a refinement of some results from 0: 

Proposition 1. The extended graph algebra C* is isomorphic to the tensor product 
of g copies of the extended graph algebra CI- The isomorphism is given by means of the 
following formulas 

Ai = M-\i + l)AiM+{i + l), Bi = M^\i + l)BiM+{i + l) (2.8) 

where 

M+ (z) = Q,m+ {{} , M_ {{) = Q-^m_ (i) 
M^{t)=G±{{)G±{t + l)---G±{g) 
Gi = q-^'B^Az'BZ^Ai 

Remark 1. The Proposition 1 is valid for arbitrary graph algebra. In the case of 
SL{2) group the element (-ft'i)ii = (Mj)ii = {Gi)ii ■ ■ ■ (Gg)ii, all elements (Mj)ii and 
((5j)ii are invertible due to invertibility of Mn and one can easily show that formulas 
( ^78|) define the isomorphism of £^(5/2) and £f . 

There is no natural anti-involution of the graph algebra. However, the following anti- 
automorphism 0] plays the role of ^-operation on Cg-. 

p{A,) = M+A-'M-\ p{Bi) = M+B-'M-' (2.9) 

The square of the anti-automorphism is equal to 

p2(A,) = MAiM-\ p^{Bi) = MBiM-^ 
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It is worthwhile to note that this anti-automorphism acts on the elements as follows 

p(M±) = 

Let us introduce a set $ of quantum constraints 

^,j=Mij-6,j (2.10) 

where Mij are components of M = Mi. 

Let us consider the left and right ideals of the graph algebra, generated by the set $ 
and let jFj^ {^Ir) be the maximal subalgebra of Cg such that II {Ir) is a two-sided ideal 
of JFj^ {^Ir}- Let jFj be the intersection of jFj^ and jFj^: 

J^x = {feCg:lLfClL and /X« C Jr}. 

It is obvious that J-'j is a subalgebra of £g and the elements $jj G JFj. 

Definition 4. Let X be the intersection of the algebra J-'x with the union of II and 
Ir. The moduli algebra M.g is defined as a quotient of the algebra J-'j over the ideal X 

^g = ^i/X (2.11) 

Some comments are in order. It is clear that X is a two-sided ideal of jFj. It follows 
from the action of the anti-automorphism p on the elements Mij that p(Il) = and 
p(Xr) = 2l and, hence if / G JFj and i G X then p(/) G JFj and p(i) G X. Thus the moduli 
algebra inherits the anti-automorphism p from Cg. Moreover it is possible to show that, 
being restricted to the moduli algebra, the anti-automorphism becomes an anti-involution 

of Mg. 

Our aim is to describe the structure of the centre Z{Cg) of the graph algebra at roots 
of 1, and in the remainder of the paper we assume that g is a primitive p*^ root of unity, 
p being odd. Due to the Proposition 1 we can begin with the study of the centre Z{Ci) 
of the algebra Ci. 



3 The centre of the graph algebra Ci[sh, 

Let ajj, hij and be the generators of £1(5/2) with the commutation relations given 



by formulas (|6.23| ) from the Appendix. 



Proposition 2. 1) The centre Z{Ci) of £1(3/2) is generated by the elements a^f, afg, 
, 612, ^21 S'lid Mil , subject to the single relation 

Mii^{BA-^B-^A)ii = 1 (3.12) 

where Aij = a^j, Bij = l^j for 2, j 7^ 2 simultaneously and det^ = det B = 1. 

2) The algebra £1(3/2) is a free 2(£i)-module with basis the set of monomials 

'^11 '^12 4i ^11 ^12 ^21 and <ri,Si,ti<p-l. 

3) The ring £1(5/2) is an integral domain. 

Proof. Let us introduce a new set of generators of £1(5/2) by means of the following 
formulas 

Xi = {aiittu - biibi2)bli, X2 = 0110216^ 



"21 5 
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^3 = an buhl, ^4 = {hiWi " a2iai/)a?i 
In terms of these generators the relations ( |6.23| ) from the Appendix take the form 

Oii&ii = qbnctn, ciiiXi = XjOn, bnXi = Xibn 
= q'^X^Xi, = q '^Xi^2Xi, i = 1,2 

XiXi+i = q^X,+iXi + q^-l, i = 1,2,3 

Mf/X2 = g^'XsMf/, Mf/X4 = q-^X^M^^^ 

Mu\'\l + X1X2 + X1X4 + X3X4 + X1X2X3X4) = 1 (3.13) 

It is now of no problem to show that the elements M{^^, afi, bff and Xf generate the 
centre of £1(3/2)- To do this one should use the following lemma, which can be easily 
proved by induction 

Lemma 1. Let elements c, Z and W satisfy the relations cZ = Zc, cW = Wc, 
ZW = q^WZ + c, then the following relation is valid 



h {n-k\\{m-k\\{k\ 



where m < n, in) 



"1 \"'Jq l-q2 ■ 

The first part of the Proposition 2 follows now from the simple relations between the 
elements a^j, l^j and Xf 

X[ = (arf a?2 - &n"&?2)&??, = <i«!i&n " 

-^3 = '^ii^^^i2^ii) X^ = {bulbil - a2ia^i)ali 

which can be proved by using the well-known Lemma 

Lemma 2. Let elements a and b satisfy the relation ab = q'^ba or a{a + b) = q^{a + b)a 
and q^ = 1, then 

(a + bf = aP + bP 

The relation ( p.l2| ) will be proved later in this section (see Proposition 4). 

The second part of the Proposition 2 follows from the obvious observation that the 
products aii'^^ai2'^2i^n'^^i2^2i^iT) where ri,Si,ti,v E N, are a basis of £1(5/2)- 

Relations (|3.13|) show that £1(5/2) is the tensor product of the Weil algebra, generated 
by an and bn, and the algebra X generated by Xi and M^i and, therefore, to prove that 
£1(5/2) is an integral domain, it is enough to show that X is an integral domain. We have 
to prove that if fg = then either f = or g = 0. 
An arbitrary element f E X can be presented in the form 

00 p-i 

/ = X! X! fijkli.Mii ,X2,Xl)X{X2X^X^ 
i^l=Oj^k=0 

It is obvious that if / 7^ 0, then Xif 7^ 0. Let us show that fXi = if and only if / = 0. 
It is clear that it is enough to prove the statement only for elements of the form 



7 



Using the commutation relation for Xi and X2 one gets 

fX, = J2f,,{q-'^Xl^'X^ + iq-'^-l)XlXr) 

This expression is equal to zero only if 

fij = {q^^ - q'^)U+i,j+i 
Let j = kp + jo, < jo < p — 1. By simple induction one gets 

= {q''' - q-'){q'^''^'^ - q'') ■ ■ ■ (q'^^'^+^^^o-i) _ q-^) f^^^_^^^^,^,^^ = Q 
Thus if fXi = then / = 0. In the same manner one can show that if / 7^ then 

/X4 0, XJ ^ 0, /(I + X1X2) 7^ 0, (1 + X1X2)/ ^ 0. 

Let us note that for generic values of q this statement is not valid and the ring X is not 
an integral domain. 

Let us consider elements / = Xf-^Xj-^(l+XiX2)P-7 and g = gXf-^Xr\l+XiX2y-\ 
We have just shown that equation / = = 0) is equivalent to equation / = {g = 0), 
therefore it is enough to show that if = then either / = or ^ = 0. Elements / and 
g can be written in the form 

^ 00 p-i 

/ = E E UiiM^i',XlXl)Ml,Xiil + X,X2)'Xi 

j,l=0 i,k=0 



^ = E E g^MMu',xixi)Mi,xiii + x^X2)'xi 

j^l=0 i,k=0 

The product of these elements is equal to 

^ 00 p-i 

ji,j2,h,l2=0 h,i2,ki,k2=0 

It is now of no problem to show that fg = Oii and only if either / = or ^ = 0. 
This proves the Proposition. 

One can introduce the Poisson structure on the centre of £1(5/2) by means of the 
following formula (see, for example, |T^) 

— {x,y} = lim ^^~^f (3.14) 

Let VC*g be the extension of VCg by means of the element Mi^. Using relations (|3.13|) 
and Lemma 1 one can easily calculate the Poisson brackets between the generators of 
Z{Ci) and prove the following proposition 

Proposition 3. The centre Z{Ci) of £1(5/2) endowed with the Poisson structure 
( p.l4| ) is isomorphic to the extended Poisson graph algebra ^£1(5/2) and the isomorphism 



is given by the formulas 

0«) = "ii, 0(&fj) = Ai, 

8 



where aij, Pij are generators of the extended Poisson graph algebra VCl(sl2) and i,j^2 
simultaneously. 

Remark 2. Let us note that as a by-product we have proven the well-known theorem 
that ZoiUqisk)) is isomorphic to C[^L^] (see, e.g. ^ ^ 

To proceed with the study of the centre of the graph algebra Cg we will need to know 
how the central elements A4ij = M?- = (BA^^B^^AJ^j are expressed through the elements 
afj and b^j. Another reason to find these expressions is that the ideal of Z{Cg), generated 
by the elements Mfj — 6ij, belongs to the centre Z{X). 

Proposition 4. The central elements Mf^ are expressed through the generators af^- 
and 6fj of ^(£1(5/2)) by means of the following formula 

M = BA-^B-^A, 

where Aij = a^j, Bij = 6fj for z, j 7^ 2 simultaneously and det^ = det B = 1. 

Proof. Let us introduce matrices D = BA~^ and C = B~^A. We firstly show that the 
matrix Ai is expressed through the matrix elements d^j, cf^ as follows 

M=VC 

where Vij = d^j, Cij = c^j for i, j 7^ 2 simultaneously. 

The matrices D and C have the following commutation relations 

D^R+D'^R-^ = R^D'^RZ^D\ C^R+C'^R-^ = R^C'^RZ^C^ 

C^R+D^R^^ = R+D^R^^C\ detq C = detq C = 

which are rewritten in components in the Appendix. 
Using the relations (|6.24|) and Lemma 2 one gets 

Mfi = (DCfu = dl.icu + dZ,'duC2ir = dl.di, + rf?2C^i = (PC)n 



MI2 = {DC)l2 = (ducu + q^ducn'c2ici2 + q^d,2cZiY 

= iduCi2 + g^rfl2Cn C2lCi2)^ + (c/i2q/)^ = (dii + q^di2Cilc2iY(fi2 + dl2Cii 
= diiC^2 + ^12^11' C21C12 + '^12^11' = {T^C)i2 



Mfi = (L'C)^i = (rf2iCii + g'cirMi^^i2C2i + g'rfnC2ir 

= di^'^21 + {d2icii + q^d'{ld2idi2C2iY = d^^c^^ + dli{cii + rfn (ii2C2i)^ 
= drf c^i + rf^i(c?i + d^rdW2i) = {VC)2i 

To complete the proof of the Proposition 4 one should show that 

C = B~^A, V = BA-^ 

It can be done by using the following lemma which can be easily proved with the help of 
the Lemma 2: 

Lemma 3. Let elements c, Z and W satisfy the relations cZ = Zc, cW = Wc, 

ZW - c = q-^{WZ - c) and qP = 1 then 

{ZW - cf = Z^WP - (f 
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Then the calculation of cf • gives 



c?i = {B-'A){, = {{q%22 + (1 - q')bn)an - q%ua2i) 



= bn^al, (l + (621 - a2iar/6ii)^6?2) = 

C12 = (5"M)i2 = {q%2ai2 - qa22bi2y 

= {-a^lbi2 - g^fln a2iai2&i2 + qb22ai2Y 

= -a]"f &12 + (-g^fln a2iai2&i2 + g&22CH2)^ 

= -arf6?2 + «i2(-9«n a2i&i2 + ^22)^ 

= -a^f &?2 + «i2 (^n + {hibii - a2ian )&i2) 

= -a^f fe?2 + «i2^ri' (1 + (^2i&n - a2ian )&i2&ii)^ 

= -«rf&?2 + a?2&n^ (1 + (&21 - a2ia^,\,Yb{2) = (S"'^)i2 

c^i = iB-'AY, = i-q%2iau + bua2ir 

= aii(-?^&2i + feiia2ian )^ = aii(-&2i + ^iia2i«ii') = {B'^A)2i 



The calculation of the matrix elements Vij can be done in the same manner. 

The matrix elements of M can be expressed through the generators an, bu and Xj as 
follows 



Mil — 1 + -^2-^1 + -^1-^4 + ^3^4 + ^3X2^1^4 

= ^ X1X2 + X1X4 + X3X4 + X1X2X3X4) 

M12 = -q~\{l + XiX2)X, + Xi) + q-^XiMiib^,' + X,Miialibii^ 

M21 = -q-\X2{l+X3Xi)+Xi)+X^Miiai^ + q^X2Miiai^bli (3.15) 



Mfi = 1 + Xf Xf + Xf Xf + Xf Xf + Xf Xf Xf Xf 

Mf2 = -(l+XfXf)Xf-Xf + XfMfi6ri'" + XfMfia??6ri'" 

Mfi = -Xf(l + XfXf)-Xf + XfMfiari'" + XfMfiari'''&?? (3.16) 



We are now ready to discuss the structure of the centre of the graph algebra Cg and 
the moduli algebra M.g. 

4 The centre of the graph and moduli algebras 

Proposition 5. 1) The centre Z{Cg) of Cg{sl2) is generated by the elements a^^, a^i2, 




an + q\ib2ibi2aii + (1 - g^)6naii - q\2a2i) 
1 + g^&n &2i&i2aii - ga2i&i2)^ 
(1 + g^(62i - a2iaiibii)bi2y 



It follows from the Proposition 4 that 



One can use eqs.( 3.15"D to prove the Proposition 4. 
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2) The algebra Cg{sl2) is a free Z(£i(s/2))-niodule with basis the set of monomials 
nti («maa2«m&S&S2&*i^) and < r, t < p - 1. 

3) The ring £^(5/2) is an integral domain. 

4) The centre Z{Cg) endowed with the Poisson structure ( |3.14| ) is isomorphic to the 
extended Poisson graph algebra VC*g{sl2). 

5) The centre Z{Cg) is isomorphic to the tensor product of g copies of the extended 
Poisson graph algebra VC*g{sl2)- The isomorphism is given by means of the following 
formulas 

Ai = M^\t + l)AiM+{i + l), Bi = M^\i + l)BiM+{i + I) (4.17) 

where 



(•^j)m7i (^i)mn' (^i)mn (-^i) 



P 

mn 



/mn 



and m, n 7^ 2 simultaneously, 

= Mz\r)M+{i) = BgA-g%^Ag ■ ■ ■ BiA-'B^U, (4.18) 

Qi = gz^{i)g+{i)=BiAi^Br^Ai (4.19) 

and Ai, Bi are matrices from the Proposition 1. 

Proof. It is obvious that Propositions 5.1-5.4 follow from Propositions 1, 2, 3, and 
5.5, thus it is enough to prove the Proposition 5.5. The matrix elements of M^[i) can be 
expressed through the matrix elements of Mj as follows 

1 _ i_ _i 

_i _ ]_ 1 

M~^{i)ii = rrii^l, M_;^(i)i2 = -gm^if mii2, M~\i) 22 = mf^i 

Using formulas ( |2.8| ) one gets 

{Aifii = {am - g^mj+i,i2ai2i)^ = afn - "^f+i, 120^21 = (-^T^(« + l)AiM+{i + l))u 
{AiY2i = {m^+i,udi2iT = mf+i.iiaL = {M-\i + l)AiM+{i + l))2i 

{Ai)i2 = (aiii"ii+\,ii"^i+i,i2 + aii2"^,^\,ii - ai2i"^i+\,ii"^?+i,i2 - ai22^7^,^\,ll"^^+l,l2)^ 

— — P —p / — 2 I — — — — 2 2— — \p 

— (^iU^i+l,ll\(^ill^i+l,12 + O.illO'iU ~ CtillCti2l'^i+l,l2 ~ ^^1+1,12 ^ Q Cfi2lCtil2'^j+l,12 J 

= a,"i^m,^;^ ((oiii - g^aj2i"^j+i,i2)(«iii"^i+i,i2 + 0^12) - "^^+l,l2)^ 

= amf^l^i^u {^{aiu - g^ai2i"^j+i,i2)^(aiii"^i+i,i2 + 0112)'' - "^f+1,12) 

= {M^\i + l)A-M+(^ + l))i2 (4.20) 

where Mi+i,ki = 
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To get these expressions one should use the commutativity of mj+i and flfmn; the 
Lemmas 2 and 3 and eq. ( [4.2(J| ) follows from the identification 



One sees that to prove the Proposition 5.4 one should show that 

M = Mi (4.21) 
The matrix elements of Mj can be expressed through the matrix elements of Gi as follows 

Tn-iii = giiigi+i,u ■ • '9gll 

9 

fnil2 = X! Sill ■ ■ ■ 9k-l,ll9kl2 
k=i 

9 

^i2l = X! 9ill ■ ■ ■ gk-l,ligk2l 
k=i 

Using these expressions and the Lemma 2 one immediately gets that 

-M+(z) = f±(2)---f±(^) 



where (r±(i))„„ = (^±(0)^„- 

Thus to complete the proof of the Proposition 5.4 it remains to remember that the 
equation 

f, = f:i(z)f +(z) = = B.Ai^Br^A, 

was proved in Proposition 4. 
The Proposition 5 is proved. 

Remark 3. Strictly speaking to define the matrices A1±(i), Q±{i) one should use 

the elements [m^ilY, {gniY from the extended graph algebras. However the formulas 
1 

( [4.^17| ) (and ( |2.8| )) do not depend on them due to the obvious relations (w^^ii)^ = 
{(JiiiY = 9iii ^^(^ W6 use the matrices M.±, Q± only to simplify the notations and the 



proof of eq. (f4.21 



Remark 4. The method described in the third section to prove the Proposition 4 can 
be applied to prove eq.( [4.18|) without using the decomposion (|4.19| ). 

Let us proceed with the study of the centre Z{M.g) of the moduli algebra. 

Proposition 6. The centre Z[Tx) coincides with Z{Cg) and the centre Z{I) is the 
ideal of Z{Cg), generated by the elements M?- — 5ij. 

Proof. It is obvious that Z{Cg) C Z{Tx). As was proved in Proposition 5, Lg and, 
hence Tx are integral domains and, therefore Z(X) C Z[Tx). Let z belongs to Z{Tx). 
It is not difficult to show that the elements a^w Mll^Ml:^^ and huiiMl^^ Ml^^^ belong to 
Tx- The ring Lg is an integral domain and, hence the following equations should be valid 

^Q-kii = Q-kii^i zb^ii = bkiiz 

It follows from these equations that the element z should be of the form 

z = z{{Xk)i, dl^^, 
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Taking into account that z commutes with Myi and M21 one gets 



2;(Xfc)i = (Xfc)jZ V/c = l,...,5f and V? = 1,2,3,4. 

Therefore, z belongs to Z{Cg) and Z{Tx) coincides with Z[Cg). 

It can be easily shown using eqs. (p.l5|) and (|3.16| ) that any element z G Z{I) belongs 



to the ideal of Z{Cg) generated by the elements M?- — 6ij. 

Let us consider a subalgebra J of Tj which consists of the elements such that the 
commutator of an element 3 ^ J with any element / G Tx belongs to the ideal X: 

J = {j G : j7 - /j e X V/ G Tx\ 

It is obvious that Z{Cg) d J is the centre of J ^ X is an ideal of J and the centre Z{M.g) 
coincides with the factor algebra of J over X 

Z{Mg) = J /I 

As was shown before the graph algebra Cg and, therefore, the algebras jFj and J are 
finitely generated over Z{Cg). As has been just proved Z{X) C Z{Cg) and, hence the mod- 
uli algebra M.g = J-'j/I and the centre Z{J^g) are finitely generated over Z{Cg) / Z{X). 
Let us consider Spec{Z[M.g)) and Spec{Z{Cg) / Z{X))^ i.e. the set of all algebra homo- 
morphisms from Z{M.g) and Z{Cg) / Z{X) to C . It is clear that Spec{Z{Cg)) is isomorphic 
to C^^ X [C^y^, i.e. a complex affine space of dimension 6g with 2(yf hyperplanes of codi- 
mension 1 removed. Then Spec{Z{Cg) / Z{I)) is a submanifold of C^^ x (C^)^^ which is 
singled out by means of eq. (|1.4| ). 



5 Irreducible representations of the graph algebra 

It is clear that every irreducible £g-module V is finite dimensional and the centre Z{Cg) 
acts by scalar operators on V and, therefore, there is a homomorphism xv ^ Spec{Z{Cg)) : 
Z{Cg) C, the central character of V, such that 

z.v = Xviz)v 

for all z G Z{Cg) and v E V. 

Let us consider an ideal X^ of Cg generated by elements z — xvi^), -2 £ Z{Cg). Then 
every irreducible representation of the algebra = Cg/I^ is an irreducible representation 
of Cg with the central character Xv{.z). 

Due to the Proposition 1 it is enough to construct representations of Ci. As was 
shown in the third section the algebra Ci is isomorphic to the tensor product of the Weil 
algebra, generated by an and fen, and the algebra X generated by Xj. There is no problem 
in constructing representations of the Weil algebra and we begin with the discussion of 
irreducible representations of X. 

Proposition 7. The algebra = X /2^, x(Mf]^) 7^ is a simple p^- dimensional 
algebra and, hence, the algebra Ci is simple p^-dimensional. 

Proof. We are going to show that the unity element belongs to an arbitrary (nonzero) 
ideal J" and, hence, the ideal coincides with X^ and X^. is a simple algebra. 
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An arbitrary element / G can be presented in the form 

f = Yl c^JMXl{l + x,X2y{i + X3X,)''xi + d,,MXi{i + x.x^Yii + x,x,fxi 

+ f.jkiX',{l + X.X^Yil + XsX.fXi + g,,MX',{l + X.X^Yil + X3X4)^X^ 
where k,l = 0, 1, ...,p — 1. 

Let / belong to an ideal and let /2(^3) be the maximal power of X2(X3) in the element 
/. Then one can easily show that the element Xj^/Xj^, which obviously belongs to JT", 
can be represented in the form 

XlVXl« = J2 c^,kiX{{l + XiX2)^(l + X3X4)^Xl 

with some new coefficients Cijki- 

This element can be rewritten as follows 

X[^fX'i = c,,,,M° (1 + XiX2)^X^X4^ + d,,,fcM° (1 + X3X4)^XfX4^ 

where Mn is given by eq.( p.l5| ). 

Multiplying Xj^/X^^ on (1 + X1X2)', where I is the maximal power of (1 + X3X4) in 
X{^/X4^ one gets that the ideal J contains an element of the form 

E Ca.,fcM{\(l + XiX2)'X^X4^ 

Let us now suppose that XfXf 7^ 0. Then the elements Xi and X4 are invertible and 
using the commutation relations of Mn, Xi and X4 with Xj one can easily show that the 
element of the form 

(l + XiX2)'EcaM[lXr"Xl-" 

belongs to J . 

If Xf = then the element (I + X1X2) is invertible and from the commutation relations of 
(1 + X1X2) with Xi one gets that the ideal J contains Mn and, hence the unity element. 
If Xf 7^ then using the commutation relations of X2 with Xj one gets that the element 
(1 + X1X2)' belongs to J . Now using the relation 

(1 + XiX2)(l + X3X4) = (1 + X3X4)(1 + X1X2) + (g' - l)XiX4 

one can easily show that J contains the element X1X4 and, therefore, the unity element. 

Let us now consider the case Xf = 0. Then the element (1 + X1X2) is invertible and 
from the commutation relations of Mn and (1 + X1X2) with Xj one can get that the 
element of the form 

Xl^Xl^ECa.M{\(l + XiX2r 

belongs to J . 

Let Xf 7^ 0. Using the commutation relations of X4 with Xj one gets that J contains 
the element of the form 

With the help of X2 one gets that the element X[^Xl^{l + X1X2)' and, hence, X[^Xl^ 
belongs to J and using firstly Xi and then X2 one sees that the unity element is in J . 

If X4 = then the element (1 + X3X4) is invertible and using this element and X2 
one shows that the element Xf"^ Cq,M"^ belongs to J . Using again X2 one gets that J 



14 



contains the element X^'^X^. With the help of Xi and then X3 one gets that the unity 
element belongs to J^. The case X^ — , Xi ^ can be considered in the same manner. 
The Proposition 7 is proved. 

The algebra X^, being simple, is isomorphic to Mp2{C) and, therefore, the following 
proposition is valid. 

Proposition 7. Every irreducible representation of X is isomorphic to one of the 
following p^-dimensional: 

1) Xi^{k,l) =-^{k + l,l) 

X2^{k, I) = q-'"'{y2Xi + 1 - - 1, /) + ^2?"'^'^+'^*(A;, I + 1) 

Xs^(k, I) = g'('=+'Hy3^4 + 1 - + zsq^'^^ik + 1, 

X^^{k, I) = q-^''^{k, I + 1) (5.22) 

Here ^'(/c, /) is a basis of a p^- dimensional vector space, k,l = 0, 1, — 1 and we use 
the following notations 

= xi*(0, 0, = - 1, 

^(A:,p) =X4^'(A;,0), 0:4 ^'(A;,-!) = '^{k,p- 1) 
The complex parameters xi, X4, 1/2, 1/3, Z2, should satisfy the following equations 

(y2a:;i + l)(y3X4 + 1) 7^ 0, Z2Z3 ^ 

1 + q''^Z3{y2Xi + 1) + q'^Z2{y3X4 + 1) = 
The central character of the representation is defined by the formulas 

x(^f) = -((y2Xi + ir-i)+4^4 

Xi 

X(Xf) = -((Z/3X4 + ir-l) + 4^1 
X4 

The element Mn acts in the representation as follows 

Mu^{k,l) = q^^'-^\y2Xi + l)(2/3a:4 + 1)^(^,0 



2) Xi^(A;,/) = + 1,/) 

X2^{k, I) = -^{k - 1, /) + biq-^^''+^^^{k, / + 1) + 62g"^(^+^')^(A; + 1, / + 2) 
X3^(A;, /) = -q^'^'^ik, / - 1) + Cp_ig2('=+20^(p + k-l,p + l-2) 
X4^{k,l) = g-2*^^(A;,/ + l) 



where 



xiX4bib2Cp-i 7^ 0, 1 + g^°a;ia;462Cp_i = 
x(Xf)=xi, x(Xf)=X4 
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Now irreducible representations of the graph algebra £1(5/2) can be constructed using, 
for example, the following representation of the Weil algebra 

aii^(m) = \I^(m + 1), 6ii^(m) = /3iig~™\I^(m) 

^(m + p) = aii^(m), ^(aii) = "n, = 

Then the graph algebra acts in the tensor product of the representations of the Weil 
algebra and the algebra X 

aii'i!{k, I, m) = "^{k, /, m + 1) 

/, m) = /, m) 

ai2^{k, I, m) = j3^lq^'"'^{k + 1, /, m + 1) + jS^^ z^q^^'"'^''^^^ ^> {k + 1, /, m + 3) 

a2i*(fc, /, m) = /?i\g2(m-/c) ^^^^^ ^ ^ _ g^fe^^^^ - 1, /, m - 1) 

+/3iV2g'^""'"'^*(A;, / + 1, m - 1) 
6i2^(A;, /, m) = /?ri'9'""''^''^'nz/3X4 + 1 - g~'')*(A;, / - 1, m + 2) 

62i^(fc, /, m) = /3fig=^'"-2'+'(i/2a;i + 1 - - 1, /, m - 2) 

+/?fig3m-2(fc+0+2^^^^ / + 1, m - 2) 

+/3ng'""^''^(fc,/ + l,m-2) 



and we present formulas only for the representation (|5.22| ) of X 



Using this representation and Proposition 1 one can easily construct all irreducible 
representations of the graph algebra Lg. 

Let us briefly discuss representations of the moduli algebra M.g. In this case one 
should consider only representations with x{M\^ = 1, x(^i2) = x(^2i) = 0- Let Vq be 
the submodule of an irreducible left £g-module V which is annihilated by the elements 

Vq = {^ eV : <l>ij* = 0} 
and let 5Vo be a submodule of Vq which consists of the vectors of the following form: 

5VQ = {m eVq: ^ = ^ijXij for some Xij e V} 
Then it is obvious that the moduli algebra acts in the factor module Vph = Vq/SVo. 



6 Conclusion 

In this paper we studied the structure of the centre and irreducible representations of 
the graph algebra. The next problem to be solved is to construct unitary representations 
of the graph algebra. The anti-automorphism p (|2.9|) can be used to define unitary 
representations of Cg. Namely, let K be a left £g-module and /3 be a bilinear form on 
VxV, such that P{v2,\vi) = A/?(f2,fi), /?(Af2,fi) = A*/?(f2,fi), A G C. A representation 
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is called unitary if P{v2, fvi) = /3(p(/)f2, fi) for all fi,f2 G V and / G Cg. It is obvious 
that only representations with central characters, satisfying the equations AiA4 = A4Ai, 
BiM. = M.Bi, can be unitary. 

We didn't study irreducible representations of the moduli algebra, however there are 
some indications that Vph is an irreducible A^^-module. One should prove (or disprove) 
this conjecture and show that the dimension of Vph is given by Verlinde's formula. 

It would be interesting to clarify the relation between this approach to quantization 
of the moduli space and the geometric quantization It seems that a choice of a 

point of Spec{Z{M.g)) corresponds to a choice of a polarization on the moduli space. 

It seems that the results obtained in the paper can be generalized to the graph algebras 
corresponding to arbitrary quantized universal enveloping algebras. 

Acknowledgements: The author would like to thank G.Arutyunov, P.Schupp and 
A.A.Slavnov for discussions. He is grateful to Professor J.Wess for kind hospitality and 
the Alexander von Humboldt Foundation for the support. This work has been supported 
in part by the Russian Basic Research Fund under grant number 94-01-00300a. 

Appendix 

Let matrices A and B satisfy the commutation relations of Ci 

A^R+A^R-^ = R_A'^RZ^A\ B^R+B^R-^ = R_B^RZ^B^ 

A^R+B^R-^ = R+B^RZ^A^ 
detq A = aiia22 - ^^0210.12 = detq B = 611622 - q'^hibu = \ 

These relations can be rewritten in components as follows 

—2 2 
'3'll'3i2 = Q 0,12^^117 '3'llfl21 = Q C^2l'3'll5 0-110-22 = O22O-II 

[ai2, 021] = -(1 - g^^)oii(oii - 022) ^ O12O21 = g^02lOl2 + (1 - 9~^)(Aa " On) 
[012, 022] = -(1 - g~^)oiiai2, [021, 022] = (1 - g"^)02l0ii 

and the same relations for bij. 

011611 = g6iiaii, 011612 = g""^6i20ii, O11621 = 9621011 + (g - g"^)6iia2i 
O11622 = q~%2aii + q~^{q - q'^)%iaii + {q - g~^)6i202i 

012611 = g6iiai2 + (g - g""^)6i20ii, 012612 = 9612012 

012621 = 9^-^621012 + q'-^iq - 9~^)^6i202i 

+q~^{q - 9"^)(6220ii + 611022 + (g^^ - 2)6iiaii) 

012622 = g"^6220i2 + q'-^iq - q~^)%iai2 + (g - 9^^)612022 - q~^{q - 9^^)612011 

021611 = 9^^^11021, 021612 = 9""^&i202i + q~^{q - q''^)buau, 021621 = 9&21O21 

O21622 = 9^22021 + (9 - ?""^)62lOll 
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022^22 = 9^22022 - q~^iq " g"^)^^!!^!! + (? " g"^)&2iai2 " ^"^(g " g"^)&12a21 

022^21 = q~^b2ia22 + q~^{q - g"^)^&2iaii + (g - g~'^)&22a2i - q~'^{q - q~^)bua2i 
022^12 = qbi2a22 + (q- q~^)biiai2 (6.23) 

Let matrices C and D satisfy the following relations 

C^R+D^R-^ = R+D^R-^C^ 

The relations look in components as follows 

cudn = diicu - q{q - g"^)o?i2C2i, Cndai = (isiCn + q{q - q~^){du - c?22)c2i 
Cudi2 = di2Cu, Cud22 = c?22Cii + q~^ {q - q~^)di2C2i 

Ci2du = dncu + q{q - q~^)di2{cu - C22), Ci2(ii2 = q^duCu 

Ci2d2i + q~^{q - q~^)cu{du - (^22) = g"^c?2iCi2 + q~^{q - q~^){du - (^22)022 

012^22 = c?22Ci2 - q~^{q - q~^)di2{cn - C22) 

C2ldn = dnC21, C2ldi2 = g"^(il2C21, C2ld21 = g^C?2lC21, C2l0?22 = C?22C21 

022^11 = dnC22 + q'^iq - g"^)c?i2C2i, £22^22 = c?22C22 - q'^'iq - q'^)di2C2i 

C22di2 = di2C22, £22^21 = C^2lC22 " ^"^ - 5^^) (c^ll - C^22)C21 (6.24) 

The nontrivial commutation relations of the elements with dfi, which are used to define 
C*, are given by the formulas 

cudli = dl^cii + (1 - q)diidi2C2i 

1 1 _1 _3 

Ci2C?ii = dliCi2 - (1 - q)dii^di2{cii - C22) + q'^{l - qfdii^dl2C2i 
Let matrices A and M have the commutation relations 

M^R+A^R-^ = R.A^RZ^M^ 

The relations look in components as follows 

O'li'mii = miiaii, aiimi2 = muan - q{q - 9"^)"^iiai2 
aii"^2i = ""^21011 + q'^{q - q'^)miia2i 

aiim22 = m22aii + q{q - g"^) (77112021 - 77121012) - {q- q~^frnii{a22 - oii) 

ai277lii = ?^77liiai2, ai277li2 = 771i2ai2 

01277721 = 77721^12 " q'^iq " g~^)777ii (cn - 022) 

01277722 = g~^77722ai2 " q~^iq " ?"^)777 i2(aii - 022) + q'^iq - q'~^){q^ - q~'^)miiai2 

a2i 777ii = ?~^777iia2l, a2i 777 i2 = 77712021 + ?~^(? " ?"^)"7ii(aii - 022) 
02177721 = 77721021, ^2177722 = ^^77722021 + q{q " ?~^)7772l(aii - 022) 
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a-22'"^ll = "^11022, a22'"^12 = 'mi2«22 + Q'^ " q'~^)"^liai2 

a22"^2i = m2ia22 - ^"^(g - g"^)'miia2i 

022^22 = m22a22 " {Q - g"^) ("^12021 " ^21012) 

- g"^)^mii(a22 - an) (6.25) 

The nontrivial commutation relations of the elements rriij with a^, which are used to 
define £*, are given by the formulas 

1 1 _ 1 

ahmu = ■mi2aii + (1 - q)muaiiai2 

1 1 1 

aii"i2i = m2iali + (1 - q^^)miiaii a2i 
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